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Abstract 

Topological information are the most important kind of qual- 
itative spatial information. Current formalisms for the topo- 
logical aspect of space focus on relations between regions or 
properties of regions. This work provides a qualitative model 
for representing the topological internal structure of complex 
regions, which could be of multiple pieces and/or have holes 
and islands to any finite level. We propose a layered graph 
model for representing the internal structure of complex plane 
regions, where each node represents the closure of a con- 
nected component of the interior or the exterior of a complex 
region. The model provides a complete representation in the 
sense that the (global) nine-intersections between the interi- 
ors, the boundaries, and the exteriors of two complex regions 
can be determined by the (local) RCC8 topological relations 
between the associated simple regions. Moreover, this graph 
model has an inherent hierarchy which could be exploited for 
map generalization. 

keywords: qualitative spatial reasoning, topological rela- 
tion, internal structure, layered graph, hole, connected com- 
ponent, GIS 

Introduction 

Qualitative spatial reasoning (QSR) is an established re- 
search subfield in Artificial Intelligence and Geographical 
Information Science (GISc). One basic requirement of QSR 
is to provide qualitative, non-numerical information at var- 
ious details for spatial representation and reasoning. QSR 
is an interdisciplinary research of computer science, cogni- 
tion, and geography, with important applications in areas in- 
cluding Geographical Information Systems (GISs), Content- 
Based Image Retrieval, Computer Graphics, Robotics ( |Cohn 
land Renz 2007 ). 

Among the many aspects of space, topology is the most 
important one. A major part of QSR research focuses on the 
study of topological relation models and topological proper- 
ties. The Regi on Connection Calculus (RCC) ( Ra ndell, Cui, 
|and Cohn 1992) is perhaps the most well-known logic-based 
approach to topological information. Among the many topo- 
logical relations defined in the RCC, the eight RCC 8 basic 
relations are identified as of great importance. Topologi- 
cal properties, such as a region 'has a hole' or 'has up to 



k-components' can also be expr essed in the RCC and in 
similar logical-based formalisms ([Cohn and Hazarika 200T| 
IVarzi 2007trKontchakov et al. 20Q8| ). 

This paper will not propose new topological relation 
model, instead, we will focus on the internal topological 
structure of complex regions. 

As far as topology is concerned, closed disks are the most 
simple regions. Regions that are topologically equivalent 
to a closed disk are called simple regions. The inadequacy 
of simple regions for representing spatial phenomena, e.g. 
countries, is clear. Various models have been proposed to 
represent complex spatial regions. These include simple 
region with holes ( Egenhofer, Clementini, and Di Felice 
1994|), com posite region (Clementini, Di Felice, and Cali- 
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fano 1995] ), the tree model of ([Worboys and Bofakos 1993 ), 
and the component view of ( [Schneider and Behr 2006| ). 

Simple regions with holes (srhs) and composite regions 
are two special kinds of bounded regions. A srh is a bounded 
connected region with several holes, and a composite region 
is a bounded but possibly disconnected region that has no 
holes. Schneider and Behr ( Sc hneider and Behr 2006) con- 
sidered bounded regions in general. They decomposed each 
bounded region A into finite /(2c^s, i.e. strong connected 
components of A. 

The relative position between different faces is lost in this 
approach. For example, it does not distinguish the situation 
where one face is contained in a hole of another from the 
situation where one face is outside another. For example, 
the two regions in Fig. [T] both have two faces ai, a2, while 
ai is a simple region with a single hole, and a2 is a simple 
region. This suggests inclusion information between faces is 
neglected. Moreover, the cavity surrounded by several faces 
are not expressed in this approach. For example, the two 
regions in Fig. [2] have the same faces, but the right region 
has a hole surrounded by the two faces, while the left region 
has no holes. 

( [Worboys and Bofakos 1993] ) proposed a tree model for 
representing complex regions. This model, called W-B tree 
model, reflects the hierarchical inclusion among holes and 
islands of a complex region to any finite level. Unlike the 
approach of ( [Schneider and Behr 2006) ), the tree model does 
not decompose complex regions into disjoint faces. Instead, 
it represents complex regions as "constrained and structured 
aggregations of atoms." As a result, it is irrelevant how the 



Figure 1 : Two complex regions with same faces 




Figure 2: Two complex regions with same faces 



holes separate their carrier in this model. For example, the 
two regions in Fig. [3] are represented by the same W-B tree. 

In this paper, we propose a graph model for representing 
complex regions, which overcomes the above shortcomings. 

For a complex region A, we decompose both the interior 
and the exterior of A into connected components. To avoid 
exotic situations, we suppose the closure of each bounded 
component is a simple region with holes. We then represent 
each complex region as a link graph, where a node repre- 
sents a connected component of the interior or the exterior 
of the complex region, and two components are linked if 
their boundary share a curve. We also define a natural level 
function for components of a complex region such that any 
two linked components have successive levels. 

For a srh A, let A be the union of the srh and its holes. 
Then A, called the generalized region of A, is also a simple 
region (Egenhofer, Clementini, and Di Felice 1994 ). Given 
the link graph, the holes and the generalized region of each 
bounded component can be computed efficiently. As for the 
unbounded component, we prove that its complement is ac- 
tually a composite region that consists of finitely many sim- 
ple regions. Note that the generalized region and holes of a 
bounded component are simple regions. We call these sim- 
ple regions the atoms of the complex region. 

We prove that these atoms are necessary and complete for 
locally determining the nine-intersections between the inte- 
riors, the boundaries, and the exteriors of two complex re- 
gions (the 9IM relation henceforth). The 9IM relations are 
identically the same as the RCC8 basic relations if only sim- 
ple regions are concerned. This means, on one hand, know- 
ing the RCC8 relations between the atoms of two complex 
regions is sufficient to determine the 9IM relation between 
these complex regions; on the other hand, if one atom is 
removed from the atom set of a complex region A, there 
exist two complex regions Bi , B2 such that the 9IM rela- 
tion between A and Bi is different from that between A and 



Figure 3: Two complex regions with the same W-B tree 



B2, despite that all corresponding local RCC8 relations are 
equal. 

Our graph representation provides a natural method for 
comparing two complex regions. It also gives rise to a nat- 
ural method for generalizing complex regions step by step. 
This introduces a new idea for map generalization, which is 
a very important technique used in cartography and GISs. 

The rest of this paper proceeds as follows. Section 2 re- 
calls some basic notions and preliminary results about com- 
plex regions, and Section 3 proposes the graph model. A 
complete characterization of the {global) 9IM relations be- 
tween two complex regions locally is given in Section 4, and 
the generalization technique is introduced in Section 5. The 
last section concludes the paper. 

Backgrounds 

In this section, we introduce the basic notions and prelimi- 
nary results needed in this paper. 

Basic topological notions 

A topology T over a nonempty set /7 is a subset of the pow- 
erset p{X) that is closed under arbitrary unions and finite 
intersections. We call (X, T) a topological space, and call 
each set in T din open set. For a set A of X, the interior of 
A, denoted by ^4° , is the largest open set which is contained 
in A. 

Given a topological space (X, T), a set A C X is a closed 
set if its complement X \ A is open. For any 5 C X, the 
closure of B is the smallest closed set, written B, which 
contains B. A closed set A is regular if A° = A. 

The boundary of a subset A of X, denoted by dA^is de- 
fined to be the set difference of A and A° , /. e. = A \ A° . 

A subset A of a topological space (X, T) is disconnected 
if there exist two disjoint open sets [/, V such that U D A 
and F n A are nonempty and A C U U V. We say A is a 
connected set if it is not disconnected. 

A connected set U is called a (connected) component of 
an open set A if is a maximal connected subset of A. Two 
different connected components are clearly disjoint. 

Complex regions and components 

In this paper, we concern ourselves with areal objects in the 
real plane (with the usual topology). As usual, we define a 
plane region to be a regular closed set in the real plane. 

For a bounded plane region A, we call the closure of a 
component of A° (the interior of A) a positive component of 
A, and call the closure of a component of A^ (the exterior 



of A) a negative component of A. Since A is bounded, A^ 
has a unique unbounded component. We call its closure the 
unbounded component of A and denote the closure as Bq. 
We call the closure of each bounded component of A^ a hole 
component of A, or simply a hole of A. As a consequence, 
each component of A is a plane region, i.e. a regular closed 
set in the plane. 

Clearly, each bounded region has a unique unbounded 
component and at least one positive component. It is also 
easy to see that a bounded region may have an infinite num- 
ber of positive and/or hole components. For practical appli- 
cations, it is reasonable to require a complex region to have 
only finitely many (positive or hole) components. 

In this paper, we plan to establish a valid representation 
scheme for plane regions. A primary requirement for such 
a representation is that each region is finitely representable. 
We hope each object can be reconstructed by applying finite 
basic operations {e.g. union, intersection, and difference) 
upon a finite set of atomic regions. For our purpose, it is 
reasonable to choose simple regions as atomic regions. 

A complex region is defined as the following. 

Definition 1 (complex region). A complex region A is a 
bounded regular closed subset of the real plane that has a 
finite set of positive components and a finite set of holes, 
where each positive component of A and each hole of A is a 
simple region with holes. 

For a bounded component c, suppose ai, a2, • • ' ^ <^/c are 
its holes. Let ao = c U Ui=i ^i- the generalized 

region of c. To avoid exotic situations, we assume the gener- 
alized region and the holes of a bounded component (which 
is a srh) are all simple regions. For clarity, we often write c 
as (ao; ai, • • • , a/e) and c for the generalized region ao of c. 

In the following section, we will propose a graph repre- 
sentation for complex regions, and then show how to com- 
pute the generalized region and the holes of a component. 

A graph representation of complex region 

Our layered graph representation of complex regions is 
based on components and strong connectedness. 

Link graph 

We recall that a simple curve in the plane is a subset of the 
real plane that is topologically equivalent to the closed in- 
terval [0, 1]. The boundary of each simple region contains a 
simple curve. 

Proposition 1. For a complex region, the intersection of two 
positive (negative, resp.) components is a finite set. The 
intersection of a positive and negative component is a finite 
set or contains a simple curve. 

We say two components are strongly connected or linked 
if the intersection of their closures contains a simple curve. 
Each component is linked with at least one other component. 
This is because its boundary is contained in the union of the 
boundaries of all other components. 

For a complex region A, we introduce a level function for 
the components of A. For each component c of A, we define 
lev(c), the level of component c, inductively as follows: 
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Figure 4: The link graphs of regions in Fig.[T] 




Figure 5: The link graphs of regions in Fig. [3] 

• The level of bo, the unbounded component of A, is 0; 

• For an undefined c*, if there exists a previously defined 
node c which is linked to c*, then define lev(c*) = 
lev(c) + 1. 

For two linked components ci,C2, it is easy to prove that 
levfci) — Iev(c2) = ±1. Take the complex region in Fig- 
ure pjb) as example. It is clear that lev(6o) = 0, lev(ai) = 
Iev(a2) = 1, and lev(6i) = 2. 

Definition 2 (link graph). The link graph Ca of a complex 
region A is defined as a directed graph {N{A)^ E{A)) as 
follows: 

• N{A) is the set of all components (positive, hole, or un- 
bounded) of A; 

• Forci^C2 G N{A), (01,02) G E{A) if they are linked and 
lev{o2) = lev{oi) + 1. 

Note that if two nodes are linked, then exactly one is posi- 
tive. If there is a directed edge from ci to 02, then we call ci 
a parent of 02, and call 02 a child of ci . We say a component 
c is a leaf if it does not have any children. 

In this way, we represent each complex region by a lay- 
ered graph. Fig.s[4]and[5]show the link graphs for the re- 
gions in Fig.s[T]and[3] respectively. Each pair of regions in 
these two figures have different link graphs. This suggests 
that link graph model is more expressive than the models 
proposed in ([Schneider and Behr 2Q06| ) and ( [Worboys and 
IBofakos 19931 ): 

We next use link graph to characterize simple regions with 
holes and c omposite regions ( [Clementini, Di Felice, and 
ICalifano 1995 ). 

Proposition 2. Let A be a complex region. Then A is a 
simple region with holes iff the link graph jCa has a unique 
node at level 1 and has no node with level greater than 2. 



Figure 6: The link graph of a srh with /c-holes 
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Figure 7: The Hnk graph of a composite region with /c-atoms 



In other words, a complex region is a srh iff its link graph 
has the form as the one given in Fig. [6] 

A complex region is called a composite region if its pos- 
itive components are all simple regions and it has no hole 
components. The following characterization is clear. 

Proposition 3. A complex region is a composite region iff 
its link graph has no node with level above 1. 

In other words, a complex region is a composite region iff 
its link graph has the form as the one given in Fig. [7] 

Computing the holes and the generahzed region 

Suppose the link graph Ca of a complex region A is given. 
The following questions are natural. For a node rii in Ca, 
is the component represented by ni a simple regionl and if 
not, how to compute its generalized region and hole si 

The following proposition shows that a component has 
holes iff the corresponding node separates the link graph. 

Proposition 4. Suppose c is a bounded component of a com- 
plex region A. Then c has no holes iff the ( undirected) graph 
obtained by removing cfrom jCa is still connected. 

Proof. If is a hole of c, then h is the union of several com- 
ponents of A. Suppose h contains a component Ci. Then it 
is easy to see that any path from the root bo to ci must pass 
through c. This means Ca will be disconnected if removing 
c from it. On the other hand, if h has no hole, then for any 
descendant ci of c there is another path from bo to Ci . That 
is, Ca is still connected if removing c from it. □ 

Example 1. Figure^shows a much complicated region and 
its link graph, where an arrow from ci to C2 suggests that the 
level of ci is lower than that of C2. For this complex region, 
it is easy to see that only a2 has a hole, the other bounded 
components are simple regions. 




Figure 8: A complex region A and its link graph 

For a node {i.e. a component) c, we next com- 
pute its generalized region and holes. Suppose the link 
graph Ca is decomposed into /c + 1 connected subgraphs 
Co{c) , Ci{c) , - - - ,Ck{c) by removing node c from Ca, 
where Co{c) is the connected subgraph that contains bo. 

Theorem 1. Suppose c bo. For each i > 1, the union of 
the components in Ci{c) is a hole of c, and the generalized 
region ofc is the union ofc and all its holes. 

Proof. Note that if ci is not a descendant of c, then there is 
a path in Ca from bo to ci that does not pass through c. This 
means, ci is a node in Co{c). So, all non-descendants of c 
are nodes in Co{c). For each i > 1, the union of all nodes 
(i.e. components) in Ci{c) is a simple region h^. Write c 
for the generalized region of c, i.e. the union of c and all 
hi. Then c is also a simple region, and c is the simple region 
with holes (c; /ii, • • • , h^). □ 

The above theorem describes how to compute the holes 
and the generalized region of a component. The compo- 
nents that are contained in these holes can be characterized 
as follows. 

Proposition 5. For c, Ci (c) as in the above theorem, a de- 
scendant ci ofc is in Ci{c) for some i > 1 iff each path from 
bo to ci passes through c. 

If the unbounded component bo itself is removed from 
Ca, then Co{c) = 0. In this case, the union of all compo- 



nents in a connected subgraph Ci (c) is also a simple region, 
written hi. It is straightforward to see that —60, the closure 
of the complement of 60, is the union of all these h^. Clearly, 
—60 has no holes and 60 is its unbounded component. This 
implies that —60 is a composite region. 

Proposition 6. Let bo be the unbounded component of a 
complex region A. Then —bo, the closure of the complement 
of bo is a composite region. 

Recall that the generalized region of a srh is the union of 
all its bounded components. For a complex region A, it is 
reasonable to call the union of all its bounded components 
the generalized region of A. Write A for the generalized 
region of A. By Prop.|6] we know A is the composite region 
-bo. 

We now define the atom set of a complex region. 

Definition 3 (atom set of complex region). A simple region 
a is called an atom of a complex region A if one of the fol- 
lowing conditions is satisfied: 

• there exists a bounded component cof A such that a is the 
generalized region or a hole ofc; 

• a is a positive component of the composite region —bo, 
where bo is the unbounded component of A. 

We write ATOM{A) for the atom set of A. 

Local characterization of the 9IM relations 

For a bounded complex region A, we write bo for its un- 
bounded component, and write T~^{A) and T~{A) for the 
sets of bounded positive and hole components of A, respec- 
tively. Let r{A) = r+(A) U T-{A) for the set of bounded 
components of A. Note bo ^{A). 

For two complex regions A and A\ the 9IM relation 
( Egenhofer and Franzosa 1 99 1 j between A and A' is defined 
as 

f A°n A'"" A° n dA' A° n A'" \ 
M{A,A')=\ dAnA'"" dAndA' dAnA'"" . 

\ A^nA'° A'^ndA' A^nA'" J 

There are eight different 9IM relations between simple re- 
gions. These are identically the RCC8 basic relation. It 
has also been proved that there are all together 34 different 
9IM relations between (bounded) complex regions ( |Schnei-| 
|der and Behr 20061 |Li 20061 ). 

In this section, we characterize the 9IM relations in terms 
of the components of the two complex regions. 

We introduce the following notion of intersection degree. 

Definition 4 (intersection degree). The positive intersection 
degree of a component c of A, w.r.t. A', denoted by deg\, (c) 
or simply deg^(c), is the number of positive components a' 
of A' such that c° fl 7^ 0, i.e. 

deg+(c) = I {a' G r+(AO : c° H A'" ^ 0}|. (1) 

Similarly, the intersection degree ofc, w.r.t. A' , denoted by 
deg^/ (c) or simply deg(c), is defined as 

deg(c) = \{d' e T{A') U {b'o} : c° n d'° + 0}|, (2) 
where b'o is the unbounded component of A! . 



We next give each of the nine intersections a characteri- 
zation in terms of components. For convenience, we write, 
say, /oo, for the intersection of A° and dA! . Note that /ge 
is always nonempty because A and A! are bounded. For Iqq 
we have 

Lemma 1 {Iqq). dA n dA' = iff da fl da' = for all 

a e r+(A) and all a' G r^{A'). 

Proof. This is because dA = [J{da : a G r+(A)} and 
OA' = [j{da' :a' eT^{A')}. □ 

The remaining seven intersections can be determined by 
the intersection degrees given in Dfn.|4l 

Lemma 2 (/oo). ^° D A'"" ^ iff deg+(a) > Ofor some 

aer^{A). 

Lemma 3 (Ioq). A° r\dA! ^ iff deg(a) > \for some 

a e r+(A). 

The case of Iqo is similar. 

Lemma 4 (/oe). ^° H A"" ^ iff deg+(6[)) > or 
deg+(60 > Ofor some b' e T-{A'). 

The case of /go is similar. 

Lemma 5 (he). dA D A"" ^ iff deg{b'o) > 1 or 
deg{b') > 1 for some b' G T'^A'). 

The case of IqQ is similar. 

We take the proof of the case IqQ as example. 

Proof A° {^ dA' ^ iff there exist a G r+(A) such 
that a° n dA' ^ 0. The latter is equivalent to saying that 
there exist a positive A' -component a' and a negative A'- 
component b' such that a° H 7^ and a° H 6'° ^ 0. 
This is also equivalent to deg(a) > 1. □ 

In the following, we consider how to determine the nine 
intersections locally, i.e. by using atoms of A and A' . We 
begin with Iqq. By LemmajT] we need check if daDda' = 
for all positive components a G T~^{A)^a' G T~^{A'). Be- 
cause a bounded component is a srh, we need only consider 
the intersection of the boundaries of two srhs. 

Lemma 6. Let A = (ao;ai,--- ,a/e) and A' = 
{a'o^a'i^--- ,aj) be two srhs. Then dA D dA' iff 
dai n da'j ^ for some < i < k and some < j < I. 

Proof. This is because the boundary of a srh is the union of 
the boundaries of all its simple regions. □ 

Therefore, the boundary-boundary intersection of two 
complex regions can be reduced to the boundary-boundary 
intersection of atoms. To determine the other intersections, 
we check the following two types of intersections: 

11. Is c° n c'° empty for two bounded components c, c'l 

12. Is c° r\b'o° empty for a bounded component c and an un- 
bounded component 6q? 

The intersection of two bounded components can be decided 
in the following way. 



Lemma 7. Let A = (ao;ai,-- - ,a/c) and A' = 
(ao;ai,--- ,aj) rw6> ^r/z^. Then A° fl = /j^ 
ttQ n ao° = 0, 6>r ao ^ a\ for some i, or a'^ C aj for 
some j. 

For the unbounded component bo of a complex region, by 
Prop. [6] we know —bo, the closure of the set complement of 

60, is a composite region, i.e. —bo has no negative compo- 
nents and all its positive components are simple regions. 

Lemma 8. Let A = (ao; ai, • • • , a/c) be a simple region 
with holes. Assume that —bo is composed of I simple regions 

61, 62, • ' ' 7 ^^ Then ^4° fi 7^ iff do is contained in some 
bi{l<i< I). 

Proof This is because A° fl 6g = iff A C -60. Since 
A° is a connected set, it must be contained in a component 
of —bo. That is, hence A, must be contained in some 
simple region bi, which is equivalent to saying that the gen- 
eralized (simple) region of A, viz. ao, is contained in 6^. □ 

By the above lemmas, we know the nine intersections of 
two complex region A, A' can be determined by the RCC8 
(or equivalently 9IM) relations between atoms of A and A\ 

Theorem 2 (sufficiency). The 9IM relation between two 
complex regions A, A^ can be uniquely decided by the RCC8 
relations between the atoms of A and A'. 

Are these atoms also necessary for determining the 9IM 
relation between A and A'l That is, if we delete an atom o 
from the atom set ATOM (A), are there two complex regions 
5 / C, such that M(A, B) ^ M{A, C) but M(p, B) = 
M{p, C) for all p e ATOM (A) such that p ^ ol 

The answer is positive. To show an atom o of A is 
necessary, we show there is a simple region such that 
M{A,o) ^ M{A,o') but M(p,o) = M{p,o') for all A- 
atoms p ^ o. This means, as far as 9IM relations are con- 
cerned, behaves identically as o locally, but different glob- 
ally. 

We illustrate the construction of by one example. Con- 
sider the complex region A given in Figure |9ja). Let b be 
the union of ai, a2 and bi. Then 6 is a simple region, and 
the atom set of A is {ai, a2, ^1, We show that bi and 
b are necessary. Let b' be the simple region as shown in 
Fisure ^b). Then b' has the same RCC8 relations with 
ai,a2 and b as bi does. But M{A,bi) ^ M{A,b'), be- 
cause dbi C dA while db' ^ As for b, take a simple 
region 6* that contains b (see Figure [9jc)). Then b and 6* 
have the same 9IM relations with ai, a2 and bi. But since 
db c dA and S6* g dA, we know M(6, A) ^ M{b\A). 

In general, we have 

Lemma 9. Suppose A is a complex region and o is an atom 
of A. Then there exists another simple region 0' such that 
M{A,o) ^ M{A,o') butM{p,o) M{p,o') for all atoms 
p^o of A. 

Proof Note that o G ATOM (A) implies do C dA. We 
construct a simple region o' that is similar to o but do' % dA. 

We take the case when o is the generalized region of a 
bounded component c as example. For each p G ATOM (A), 
take a point Pp'mdo{^dp if it is nonempty. Note that there 




(a) (b) (c) 

Figure 9: Three complex regions 



exists at least a segment a of the closed Jordan curve do 
that is disjoint from all the holes of c. Take a point Pea 
such that P ^ Pp for all p. So the distance from P to the 
holes of c is nonzero. Removing a tiny part around P from 
o such that the resulting region is still simply connected and 
disjoint from all holes of o. Write o' for this simple region. 
Clearly, there is a point Q in the boundary of o' which is not 
contained in the boundary of A. This implies M(A, o) 7^ 
M{A^o'). On the other hand, for each A-atom p 7^ o, if 
dp n do is empty, so is dp fl do'; and if dp fl do is nonempty, 
then Pp e dpf] do' ^ 0. Moreover, the part- whole relation 
between o' and each p is the same as that between o and p. 
Therefore, M(p, o) = M(p, o') for all atoms p ^ o of A. 

The case when o is a hole of a bounded component c or 
when o is a component of —bo is similar. □ 

As a consequence, we know each atom in ATOM (A) is 
necessary. 

Theorem 3 (necessary). Each atom of a complex region A is 
necessary in locally determining the 9IM relation of A and 
some other region. 



A special case has been inve stigated by ( |McKen- 
ney, Praing, and Schneider 2008). Note that if A = 
(ao; ai, • • • , ak) is a srh, then —60 = ao. 

Corollary 1. Let A = (ao;ai,--- ,a/c) and A' = 

(ao; , • ' ' 7 Then the 9IM relation between 

A and A' is completely determined by the RCC8 relations 
between all ai and all a'j. 

Generalization by dropping 

Map generalization is a very important technique used in 
cartography and GISs. We now propose a new method to 
generalize a complex region into simpler ones. 

For a simple region with holes A = (ao; ai, • • • , a/e), we 
obtain its generalized region A by dropping all its holes. 
Similarly, for a complex region, we obtain its generalized 
region A by merging all its bounded components. We could 
also obtain less complicated regions by dropping some com- 
ponents together with their holes from a complex region. 
Take Figure[8]as example, 62 is the unique hole of a2. Drop- 
ping 62 could obtain a simpler complex region. 

We next generalize a complex region step by step by drop- 
ping one component at a time. 

Let A be a complex region with link graph Ca- Suppose 
c is a component that has no children. Let Pi , • • • , p/c be 
the parents of c. It is easy to see that r = Ufeli^i ^ {^} 




Figure 10: A complex region (upper) and its generalization 
(lower), where 6J = a2 U 61 U 62 U 63. 

is also a connected region. In this way, we obtain a new 
complex region Ai by merging the hole c into its parents. 
Note that each A-component other than c and pi , • • • , P/c is 
an -component. Note r is also a component of Ai. The 
link graph of A 1 is obtained by setting 

• Fi = (F\{c,pi,-- - ,p,})U{r}; 

• El = {E{^VlX Vi) U{(m,r) : {3i){m,pi) e E}. 

Figure [To] shows a complex region and one step of its gener- 
alization. 

Note that after each step of dropping, we obtain a com- 
plex region that has fewer components. Step by step, we 
will obtain that a region that cannot be generalized. This is 
exactly A, the generalized region of A. 

Conclusion 

In this paper we have established a qualitative model for 
representing the internal structure of complex plane regions. 
For the first time, we introduced the notions of holes, gen- 
eralized regions, and atoms to general complex regions. In 
particular, we define the generalized region of a complex re- 
gion as the the union of all bounded components. We have 
proved that the generalized region of a complex region is a 
composite region and equals to the closure of the set com- 
plement of the unbounded component. 

In the layered graph of a complex region A, a node repre- 
sents a component of the complex region, and an edge exists 
between two nodes iff the two components share a common 
one-dimensional boundary. Based on this model, we gave 
methods for computing the atoms of A, which are either 
holes or the generalized region of a bounded component of 
A, or the atoms of the generalized region of A. 

We have proved that these atoms are necessary and suffi- 
cient for determining the nine-intersection relation between 
complex regions. We believe this provides a partial justi- 
fication for the rationality for applying the 9IM approach 



on complex region. It also suggests that the 9IM relation 
between complex regions can be implemented through the 
implementation of the RCC8 (or the 9IM) relation between 
simple regions. 

Furthermore, the hierarchical representation also provides 
a natural way for generalizing the complex region. This is 
very important in automatic cartography and GISs. 

Future work will consider spatial reasoning with this in- 
ternal structure model. Some related work has been done for 
simple regions with holes (Vasardani and Egenhofer 2009, ). 
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